Sept. 6, 2013 Solution
Analysis 1 - Mid-term Exam - Semester I

1. Let A, B,C be non-empty sets and let f : A — B;g: B — C and h : A — C be functions with
h = g o f(composition). Prove or disprove the following:

(a) If f,g are surjective then h is surjective.
(b) If h is surjective then f,g are surjective.
(¢) If h is injective then f,g are injective.

Solution:

(a) Given that f, g are surjective
ie., f(A) = B,g(B) = C. This implies that h(A) = g(f(4)) =g(B) =C
Hence h is surjective

(b) Cousider A = {a,b}, B ={1,2,3},C = {«, 8} and f, g be defined as f(a) =1, f(b) = 2,9(1) =
a,9(2) = ¢g(3) = B. Then h(A) = C. i.e., h is surjective. but f(A) = {1,2} # B. i.e., f is not
surjective.

(c) Consider A, B,C, f,g as in (b) h(a) = a, h(b) = /5 implies that h is injective but ¢g(2) = g(3).
Hence ¢ is not injective.

O

2. Let X = {1,2} and let M be the set of all integer valued functions on X. Show that M is countable.

Solution: Let X ={1,2}y M ={f: X — Z}

Note that h : M — Z x Z defined by h(f) = (f(1), f(2)) is a bijection with inverse given by
h=t((m,n))(1) = m,h=1((m,n))(2) = n for (m,n) € Z x Z.

Hence it is enough to show that Z x Z is countable.

Note that Z x Z = Upez{n} x Z. That is Z x Z is a countable union of countable sets. Hence Z x Z
is countable. ]

3. Show that given any real number x there exists a natural number n such that n > x

Solution: Let x € R. Assume that n < x for all n € N. Therefore x is an upper bound of N.
Therefore by completeness property, N has a supremum u € R. Then u — 1 < u. Therefore u — 1 is
not an upper bound of N, so there exists m € N such that v — 1 < m. This implies that u < m + 1.
But since m+ 1 € N, this contradicts the fact that v is an upper bound of N. Thus there is a n € N
such that n > x. (]

4. Suppose u : [0,1] = R is a continuous function. Define a function v : [0,2] = R by

() fo<t<1;
“(t){ w@—t) ifl<t<?2

Show that v is continuous.



Solution: Given that w: [0,1] — R is a continuous function. Define v : [0,2] — R by

[ () ifo<t<1
”(t){ w2—1t) ifl<t<?2

Since t — 2 — t is continuous, and composition of two continuous functions is continuous, clearly v
is continuous on [0,1) U (1, 2]. We shall show that v is continuous at 1.

lim v(t) = lim u(t) =u(l) =1

t—1— t—1—
li t)y= 1 2—t)=li t)y=u(l)=1
Jm,v(0) = i u(z =) = i () = ()
Thus lim; 7 v(t) = 1 = v(1). Hence v is continuous at 1. O

. Let {bp}n>1 and {cp}n>1 be two sequences of real numbers. Define a new sequence {an}n>1 by

an:{ b, ifn is odd

cn if mis even

Show that if {bn},{cn} are convergent with the same limit then {a,} is convergent. However, the
converse is not true.

Solution: Let lim,, .o b, = a = lim,, .+, ¢,,. We shall show that lim,, ,, a,, = a. Let ¢ > 0. There
exists N, M € N such that

|b, —a| < eforalln > N,|c,, —a| <e€forallm>M
Let K = max{N, M}. Then
|bp, —a| < eforalln> K,|c, —a| <eforalln>K

Thus
|a, —a|] < € for all n > 2K

Hence lim,, o a,, = a.
The converse is also true: If {a,},>0 converges to a then the sequences {b, },>0 and {c,}n>0 also
converges to a. Let € > 0. There exists N € N such that

lan, —a| < eforalln>N
This implies that
|b, —a| < eforalln> N,|c, —a| <eforallm>N
Thus lim,, oo b, = a = lim,,_, o ¢, O
. Suppose g : [0,1] — [3,5] is a continuous bijection. Show that either g is strictly increasing with

g9(0) = 3,9(1) = 5 or g is strictly decreasing with g(0) = 5,¢9(1) = 3. Give an example of a
discontinuous bijection from [0, 1] to [3,5] which is not monotonic.

Solution: Since g is a bijection it is enough to show that g is either stricly increasing or strictly
decreasing.
Suppose this is not the case, without loss of generality, there exists z,y,z € [0,1],z < y < z such

that g(x) < g(y),9(2) < g(y). Since g(x) < max{g(z), g(2)} < g(y), 9(z) < max{g(x),g(2)} < g(v),



and ¢ is continuous, by intermediate value theorem there exist v € [z,y),v € (y,z] such that
g(u) = g(v) = max{g(z), g(z)}. But u # v. This is a contradiction to g being injective. Hence ¢ is
either strictly increasing or strictly decreasing.

Example: Define f : [0,1] — [3,5] by

Then f is a bijection from [0, 1] to [3, 5] which is not monotonic.
. Find liminf and limsup of the following sequences (you should also prove your claims):
(a) {zn}n>1, with x, = (=3)" + L forn > 1.

(5) {yn}nz1, with y, = (~1)" 230D fop > 1.

Solution:

(a) Given that x,, = (—%)" + % for n > 1. Note that 0 < z,, < % and lim,,_ oo % = 0 implies that
lim,,—soo ,, = 0. Hence
liminf x,, = limsupz, = lim x, =0

n—00 n—o0o n—00
2 243 1
(b) Note that y,, = (—1)"%1”4'*'1 = (-1)" % for all n > 1. Let z, = —;_’[_7? Then
lim,, o0 25, = 2 and Yn = (—1)"2,. Thus lim,, o0 Yoni1 = —= 2 and lim,, o0 Yon = 2 Note that
5 + 5 5

Jnf {yr} = inf {yor41} and sup{yk} = s {y2k}

2k+1>m

Hence
lim inf li f =1l f =1 f 1 2
17{1_1}0% Yn —mgnoo klgm{yk} mgnoo 2k}rfi> {yor41} = lmln Yan+1 = 1m Yon+1 = 5

2
limsupy, = lim sup {yk} = lim Sup. {yzk} = limsupysp41 = lUm yop, = =



